We consider the radiative properties of a system of two identical correlated atoms interacting with the electromagnetic field in its vacuum state in the presence of a generic dielectric environment. We suppose that the two emitters are prepared in a symmetric or antisymmetric superposition of one ground state and one excited state and we evaluate the transition rate to the collective ground state, showing distinctive cooperative radiative features. Using a macroscopic quantum electrodynamics approach to describe the electromagnetic field, we first obtain an analytical expression for the decay rate of the two entangled twolevel atoms in terms of the Green's tensor of the generic external environment. We then investigate the emission process when both atoms are in free space and subsequently when a perfectly reflecting mirror is present, showing how the boundary affects the physical features of the superradiant and subradiant emission by the two coupled emitters. The possibility to control and tailor radiative processes is also discussed.
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Introduction
Spontaneous emission processes by multi-atom systems coherently coupled to the electromagnetic field have been extensively explored in the literature since the seminal work by Dicke in 1954 [1] , in which the collective emission of N identical atoms with interatomic separation much shorter than the wavelength of the atomic transition was considered. It was shown that the resulting radiation intensity was proportional to N 2 , rather than N (as expected for the intensity radiated by independent atoms), with a decay time proportional to the inverse of the number of emitters [2, 3, 4, 5] . This phenomenon is commonly known as Superradiance and it occurs when the sample is prepared in a symmetric superposition of atomic states. The underlying physical process responsible for such enhanced radiative behavior is the constructive interference between emitted waves and researchers have pursued and explored it by studying quantum emitters coupled to various environments including microcavities [6, 7] or plasmonic waveguides [8, 9] and lefthanded metamaterials [10] as well as classical emitters near a metal interface [11] , with the potential applications in quantum communication [12, 13, 14] . A closely related process is the collective Lamb Shift of an ensemble of many identical two-level atoms interacting cooperatively with a resonant radiation field. In this case, a virtual photon emitted by one atom may be reabsorbed by another one within the ensemble and, as for the superradiant emission, the process sensitively depends on the spatial arrangement of the system. Contrarily to superradiance, this process is difficult to observe at high atomic densities because of atom-atom interactions which tend to mask it. However, it becomes experimentally accessible in the case of an extended sample, for which R λ 0 (R being the interatomic separation and λ 0 the atomic transition wavelength) as it has been explored for an ensemble of Fe atoms embedded in a low-Q planar cavity [15] , for a confined vapor nanolayer of Rb atoms [16] and for a cold-atom ensemble [17] . The counterpart of superradiance is Subradiance [1, 2, 18, 19] , occurring when the system is prepared in an antisymmetric state. In this situation, destructive interference between the neighboring radiators leads to a drastic suppression of the emission intensity, which is vanishing when the interatomic distance is much smaller than the atomic transition wavelength.
Contrarily to superradiance, subradiance is more elusive, mainly because the corresponding states are weakly coupled to the environment.
They are not affected by decoherence, therefore appealing for quantum information processing.
Indeed in Ref. [20] the authors propose a combined optical/solidstate approach to realize a quantum processor based on "subradiant dimers" of quantum dots, resonantly coupled by dipole-dipole interaction and implanted in low-temperature solid host materials at controllable nanoscale separations. Other works focused on the controlled production of superradiant and subradiant states when the artificial atomic systems are tightly confined in optical lattices [21] or in quantum electrodynamics (QED) circuits [22] . In this framework, the main aim of the present paper is to investigate the influence of a structured environment on the collective spontaneous emission of a system of two identical correlated atoms. By using macroscopic quantum electrodynamics [23, 24, 25] to characterize the electromagnetic field in the presence of macroscopic magnetodielectric objects, the first result we have obtained is an analytical expression for the decay rate of the joint two atom-field system, prepared in their symmetric (antisymmetric) entangled state in terms of the Green's tensor of a general structured environment. We then use this result to analyze the radiative behavior of the two entangled quantum emitters in two specific cases: when they are located in free space for any interatomic distance, so recovering the known superradiant and subradiant features in particular in the subwavelength spatial region; when a perfectly reflecting planar surface is present, showing how its presence significantly affects the physical features of the collective spontaneous emission. We explicitly consider the cases when both atomic dipoles are parallel or perpendicular to the line connecting them. Our results suggest the possibility to tune and manipulate the system's superradiant and subradiant behavior by suitably placing the two radiators with respect to the reflecting boundary. The paper is organized as follows.
Section 2 outlines the basic theory of macroscopic quantum electrodynamics, presenting the main properties of the Green's tensor we have exploited in our analysis. Section 3 is dedicated to the methodology and results. Through a suitably adapted version of the WignerWeisskopf theory [26] we find the decay probability of the initial state of our joint two atom-field system that we then apply in two specific situations: atoms in free space and in the presence of a perfectly reflecting mirror, illustrated in Sections 4 and 5, respectively. Our concluding remarks are given in Section 6.
Medium-assisted field formalism
As mentioned, the technique we exploit to describe the body-assisted electromagnetic field and to investigate the collective radiative behavior of our two-atom system embedded in a general macroscopic environment, is based on the Green's tensor formalism [23] . This method has been widely applied in various contexts, ranging from QED to quantum optics since the Green's tensor includes all the properties of the electromagnetic field with which the system interacts. It is thus a general method to study matter-field interaction in any external environment. As an example, this formalism has been recently applied to the study of the dynamical Casimir-Polder force between a chiral molecule and a plate [27] and the van der Waals interaction between a ground and an excited atom in a generic environment [28] . In addition, the macroscopic QED approach has been exploited to unveil cooperative effects in a twoatoms system in the presence of left-handed media [10] and in determining how the Casimir-Polder interaction energy of a polarizable atom is affected by a metallic surface [29] . In this section, we introduce some properties of the electromagnetic Green's tensor involved, starting with the quantized body-assisted electric field [23, 24] 
where G(r, r , ω) is the Green's tensor, f λ (r, ω) and f † λ (r, ω) are bosonic annihilation and creation operators representing the collective excitations of the body-field system, satisfying the following commutation rules
where the subscript λ = e, m identifies the electric and magnetic parts. The G λ (r, r , ω) obeys the following integral relation
According to the geometry of the chosen environment, generally one needs to consider two contributions to the total tensor G(r, r , ω): G (0) (r, r , ω), describing the electromagnetic field in the bulk region of the medium, and a scattering part G (1) (r, r , ω) accounting for additional contributions due to reflections at or transmission through the boundaries. For the purpose of this work, a perfectly reflecting planar surface will be considered as macroscopic environment for the two emitters. The analytical expressions for the bulk and scattering parts of the Green's tensor are, respectively, the free space Green's tensor [23] , [24] 
with r * being the position of the source's image behind the mirror and R the reflection matrix defined by
The scattering component G (1) (r, r , ω) is related to the free-space Green's tensor at the distance + , that is the distance that a reflected wave on the mirror needs to travel from one atom to reach the other. An alternative interpretation is that the interaction occurs between one atom, say A, located at r, and the mirror image of atom B, located at r * , behind the plate. Moreover, given two oriented dipoles
, their images are constructed by a spatial reflection at the z = 0 plane, together with an interchange of positive and negative charges:
Two additional useful properties are the following: the free space Green's tensor is symmetric under exchange of its spatial arguments
a key feature in our computation of the system's collective decay rate in the following; its imaginary part is finite for r = r and reads
with I being the unit tensor.
The next sections will focus on the methodology we use to evaluate the collective decay rate of the two entangled atoms when they are located in an arbitrary macroscopic environment, first, and subsequently when a perfectly reflecting surface is present.
The collective spontaneous decay rate
We use an approach based on second-order timedependent perturbation theory holding for a general physical system in the presence of an external perturbation. It leads to the following result
for the probability C i (t) to find the system in its initial state |i , of energy ω 0 , at some instant of time t [26] . The above expression contains an energy shift i and the decay rate of the amplitude C i (t), given by
respectively, whereĤ 1 is the perturbation, P.V. indicates the principal value and |I the intermediate states involved in the process. In the following we will focus on the decay rate. We thus first define the total Hamiltonian and the initial state vectors of our composite two-atoms and field system
whereĤ at (ξ) is the Hamiltonian of the atomic species ξ,Ĥ F the field Hamiltonian andĤ 1 the interaction Hamiltonian of the two atoms with the electromagnetic field. We consider electric atoms and adopt the multipolar coupling scheme in the dipole approximation, so that
with d ξ the transition dipole moment operator of atom ξ and E(r ξ ) the electric field operator evaluated at the atomic position r ξ . In addition, we need to specify the initial state of the system. A generic eigenvector of H 0 is expressed as product of atomic and field states with eigenenergy given by the sum of the energy of the atomic species and of the photons in some field modes. Here, we consider two identical atoms prepared in the correlated symmetric (antisymmetric) state
with the atomic excitation being delocalized over the two atoms, and the field in the vacuum state (e and g indicate ground and excited states, respectively). These are the superradiant (symmetric) and subradiant (antisymmetric) states in the Dicke model. Due to the expression of the interaction Hamiltonian, only two intermediate states contribute
so that, using the expression of the electric field in terms of the Green's tensor, given in equation (1), the matrix elements for the intermediate states |I 1 and |I 2 can be now evaluated. By collecting equations (1), (16) , (17) and (18), one finds the matrix element for the symmetric correlated state
where we have assumed that the dipole operator d has only off-diagonal matrix elements due to selection rules and d ξ eg are matrix elements between the excited and the ground state. To compute I 1 |Ĥ 1 |i + it is sufficient to take the hermitian conjugate of (19) . Similarly, the matrix element containing the second intermediate state |I 2 is
and the hermitian conjugate can be computed. The matrix elements for the antisymmetric correlated state can be found in an analogous way.
By exploiting the integral relation fulfilled by the Green's tensor equation (4), from (14) we can evaluate the decay rate of the initial state of the system, when the two atoms are placed in the environment described by the Green's tensor G(r, r , ω) [10] :
with ω 0 being the atomic transition frequency and the + or − signs refer to the symmetric or antisymmetric state.
When the atoms satisfy time-reversal symmetry d ge = d eg , the above expression (21) can be written in the following form
where:
is the single-atom decay rate and
is an interference term. Equations (21) describe the overall decay rates of the two atom-field system prepared in a symmetric and antisymmetric state, where the excitation energy is delocalized over the two atoms. These relations are given in terms of the Green's tensor of a generic structured environment surrounding the system and contain both terms evaluated at the position of the single atoms, corresponding to the decay rates of independent atoms, and terms describing interference effects, as we shall discuss in detail in the following sections. The reason for the non-vanishing interference term is that, in the transition from the correlated initial state to the intermediate state, it is not possible to know which atom emits the photon.
Atoms in free space
The method we followed in the previous paragraph has led to the expression (22) which can be applied to any external environment, provided the form of the Green's tensor of the specific environment is known. We first analyze the behaviour of the decay rate in free space varying the interatomic separation and hence observing it in the non-retarded short-distance limit ( = |r B − r A | c/ω 0 ) and in the retarded longdistance limit ( = |r B − r A | c/ω 0 ). This allows us to recover the known superradiant and subradiant behaviours. We use the free-space Green's tensor G(r, r , ω) = G (0) (r, r , ω), choosing the axis in order to have r A = (0, 0, z A ) and r B = (0, 0, z B ), then = r A − r B = (0, 0, z) with z = z A − z B . Furthermore, we consider dipole moments with arbitrary spatial orientations:
Since the free space Green's tensor is symmetric with respect to exchange of its position arguments, the mixed terms in equation (21) coincide, thus giving the collective decay rate in the following form
Equivalently
by identifying the single-atom contributions Γ A and Γ B (free-space spontaneous decay of an independent excited atom), and the "interference" term 2Γ AB by the equations:
where λ = zω/c [30] . Firstly, we take the imaginary part of the free space Green's tensor (11) [23] which will hence be applied to the first two terms on the right-hand side of equation (25) . Secondly, we consider the two asymptotic behaviors, starting with the nonretarded limit c/ω 0 .
When r A → r B (short-distance regime), ImG(r A , r B , ω 0 ) → ω0 6πc I and the interference term in equation (25) 
(when d A and d B are parallel, otherwise it vanishes) so that
In the non-retarded limit of very small interatomic distances, the transition rate of the system to the collective ground state is the sum of the two individual atom's rates, showing the superradiant decay of the initial state (17) . In the opposite case, the retarded limit c/ω 0 , the interference term vanishes due to the Green's tensor boundary condition G (0) (r, r , ω) → 0 for |r − r | → ∞. Therefore, we find
For intermediate distances , the decay rate displays an oscillatory behaviour due to the presence of periodic functions in the imaginary part of the free-space Green's tensor, scaling with the interatomic distance z
. The oscillation will be damped as the two atoms are further far apart, yielding the independentatoms decay at large distances. In Figure 1 , we display the ratio between the total decay rate and the sum of decay rates from independent atoms, so that the non-retarded and retarded limit behaviours are clearly visible. We considered the transition frequency for the 2p → 1s transition of the Hydrogen atom. With regard to the blue continous curve, a peak is observed for the minimum atomic separation considered (see equation (28)). This is a signature of the cooperative behaviour (superradiance) due to a constructive correlation between the two identical atoms. The emission rate rapidly decreases with increasing distances, leading to the ordinary spontaneous emission of independent atoms in the limit of large interatomic separations. Furthermore, whenever the distance between the two atoms is = (n + 1/4) λ 0 with n ∈ N + positive integer, the transition rate is increased, compared to that of independent atoms. On the contrary, when = (m + 3/4) λ 0 with m ∈ N, we observe a reduction of the transition probability rate. The points corresponding to = nλ 0 /2 indicate a vanishing interference term. Analogue behaviours are observed in [31] where the authors study the emission rate of a bi-atomic system prepared in a correlated symmetric state and interacting with the massless scalar field. The transition rate from the antisymmetric state to the collective ground state in free space is given by
that we can write as
In this case, the behaviour is completely different for the non-retarded limit c/ω 0 . In fact, since in Figure 1 . Comparison between the transition rates of the symmetric (blue continuous line) and antisymmetric states (red dashed line) in free space, showing respectively in the nonretarded limit, the superradiant and subradiant behaviours for two aligned atomic dipole moments.
this limit 2Γ AB → Γ A + Γ B , a complete inhibition of the spontaneous transition rate due to destructive interference of quantum correlations between the two atoms is observed, recovering the known subradiant behaviour. In contrast with the previous case, we get a lower transition rate for = (n + 1/4) λ 0 , while for = (m + 3/4) λ 0 the interference effects lead to an enhancement of the output rate, as displayed in Figure 1 (red dashed line). As before, the points corresponding to = nλ 0 /2 indicate a vanishing interference term. Similar results for the antisymmetric state are also obtained in the massless scalar field case discussed in [31] . In both cases we find that the quantum interference term between the atoms produces vanishing contributions for large interatomic separations c/ω 0 . The influence of the quantum interference is stronger for short distances between the atoms, compared to their transition wavelength. In the free-space case, our results thus agree with those reported in Refs. [1, 2] with different methods. Superradiance has been observed in experiments both with atoms [32] and quantum dots [33] .
Atoms near a perfectly reflecting plate
Having obtained in Section 3 the general expression for the decay rate of the two entangled atoms in terms of the Green's tensor, we can consider other environments by using the relative expression of G(r, r , ω). In this section we will focus on how the cooperative emission rate is affected when a perfectly reflecting mirror is present. Let us consider both atoms aligned along the z-axis perpendicular to the surface as shown in Figure 2 . In Figure 2 . Emitting dipoles of the two entangled identical atoms in the presence of a perfectly reflecting mirror.
addition to the interatomic distance, the presence of the mirror introduces a new spatial parameter: + = z A +z B , that is the distance between one atom and the mirror image of the other behind the plate. In this physical configuration, two terms contribute to the system's decay rate
the first one on the right hand side is due to the free-space interaction between the atoms and the second to the presence of the boundary, which importantly modifies the modes of the electromagnetic field. Each term in equation (32) refers to the respective component of the total Green's tensor
where the scattering component G (1) (r, r , ω) is given in equation (6) . Taking into account equation (6) the modification of the decay due to the presence of the mirror can be thought of as an effective cooperative emission from the correlated state of one atom and the mirror image of the other atom. By recalling equation (21) (the same procedure can be used also for the decay rate from the antisymmetric state), and taking the imaginary part of G(r, r , ω), we consider the non-retarded (r A , r B , , + c/ω 0 ) and the retarded regime (r A , r B , , + c/ω 0 ), evaluating first the Green's tensor in these two limits. Let us start with the non-retarded case. By recalling the property (11), holding for r = r and observing that for r A → r A * , r B → r B *
ImG
(
and for r A → r B we have also r A → r B * so that
the total decay rate in the non-retarded limit reads
where we have used equations (8, 9) . For what concerns the retarded limit, we consider the following configuration: one atom, say B, in a fixed position close to the surface and r A , , + c/ω 0 . We thus estimate the decay rate to be
Besides the self-interaction due to the free-space component of the Green's tensor, there is an additional term, due to the proximity of atom B to the plate,
, while atom A presents only the free-space contribution due to its very large distance from the plate. On the other hand, if atom B is very distant from the surface too, the free-space behaviour of the spontaneous emission rate, obtained in the previous section, is recovered, that is Γ → Γ (0) . Figure 3 shows a plot of the decay rate for the symmetric state for increasing distance of one of the two atoms (A) with respect to the mirror, when the other atom (B) is at a fixed distance from the plate (z B = 10Å). The distances of both atoms from the mirror are compatible with the dipole approximation and the assumption of a perfectly reflecting mirror. Note that in this plot and in the following ones, we assume an atomic transition angular frequency equal to that of the 2p → 1s transition in the Hydrogen atom (ω 0 1.55 · 10
and we consider perpendicular and parallel orientations of both (identical) atomic dipoles with respect to the line connecting them. Controlling distance and dipole orientation of a quantum emitter with respect to an external environment, for example a nanoparticle, is experimentally achievable and it has been used to obtain enhancement of the spontaneous emission rate [34] . As Figure 3 shows, in the near zone (all distances much smaller than λ 0 ), the decay rate in the case of dipole moments perpendicular to the wall is essentially doubled with respect to the free-space case (red dashed line and blue continuous line, respectively). This can be explained in terms of additional constructive interference between the emitters and their mirror images, since the image dipole of d ⊥ coincides with d ⊥ . If emitter A is far from the boundary while B remains close to it, the interference term Γ AB 0; however, the scaled decay rate is greater than the unity value of the empty-space case, as Figure 3 shows. In fact, in addition to the free-space decay term Γ A of atom A survives. It is also worth discussing the decay rate for specific positions of the fixed atom B related to the transition wavelength of the two atoms. If we locate the emitter B in a node of the electromagnetic field mode resonant with the atomic transition and vary the position of atom A, we obtain the results shown in Figure 4 which should be compared with Figure 3 . For atomic dipoles oriented along z, we observe a better matching between the continuous blue curve (free space) and the red dashed curve (mirror at z = 0); a similar result is obtained in the case of dipoles along x, given by the green dot-dashed line (free space) and the orange dotted line (mirror at z = 0). This matching further improves if we locate atom B in an antinode, as shown in Figure 5 . The physical reason for such behaviour might be interpreted in the following way: fixing one atom in a position which is multiple of the atomic transition wavelength λ 0 seems to reduce any eventual positive or negative influence of the boundary on the collective spontaneous emission, if compared to the atomic position effect of Figure 3 . The mirror has a relevant impact on the free-space oscillatory profile which becomes more regular when atom B is placed Figure 3 . Scaled collective spontaneous emission decay rates (symmetric state), as a function of the position of atom A when atom B is fixed at z B = 10Å. The red dashed line and the blue continuous line refer, respectively, to the case when the mirror at z = 0 is present and the free-space case, for dipoles along the z-axis (perpendicular to the wall). The orange dotted line and the green dot-dashed line refer, respectively, to the case when the mirror is present and the free-space case, for dipoles along the x-axis (parallel to the wall). in the antinode (comparing the parallel alignment configurations of Figures 4 and 5) . Analogous remarks can be made for the plots representing the scaled collective spontaneous emission rate of the two-atom system prepared in the antisymmetric state, as Figures 6, 7 and 8 show. All this clearly shows that the presence of the mirror can significantly affect the collective radiative behaviour of the two-atom system. 
Conclusions
In this paper we have investigated the spontaneous emission rate of a system composed by two identical entangled atoms in a generic macroscopic environment and interacting with the electromagnetic field. We have considered both symmetric and antisymmetric states of the two emitters.
The first result we have obtained is a general analytical expression of the collective transition rate of our system from the initial symmetric or antisymmetric state to the collective ground state, expressed in terms of the Green's tensor of the electromagnetic field. This expression can be applied to any external environment, whose magnetoelectric properties are contained in the electromagnetic Green's tensor. We have then considered two specific cases: both atoms in free space and near a perfectly reflecting plate. In free space we have analyzed the decay rate as a function of the interatomic distance, recovering the known results of superradiant and subradiant behaviours. In the non-retarded limit of small interatomic separations, the outcome shows an enhanced emission rate for the symmetric initial state with respect to the case of isolated atoms (superradiance), and the ordinary behaviour of independent atoms for increasing distances.
Concerning with the transition rate from the antisymmetric state, it results completely inhibited in the non-retarded limit (subradiance). The enhancement or the inhibition are due to cooperative processes arising from constructive and destructive interference effects between the two correlated atoms, when they are very close to each other. Subsequently, we have considered the case of two correlated atoms in the presence of a perfectly reflecting planar surface.
We have shown that the presence of the boundary significantly affects the superradiant and subradiant decay processes of our atomic system and discussed the results as a function of the interatomic distance as well as of the distance of the atoms from the plate. Our results show that the presence of the plate can enhance or weaken the superradiant/subradiant decay features (if compared to the free-space case) according to the specific orientation of the dipole moments and to atomplate distances with respect to the atomic transition wavelength. This shows the possibility of controlling and manipulating the collective decay through the external environment.
